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We present exact analytical black hole solutions with conformal anomaly in AdS space and discuss the
thermodynamical properties of these black hole solutions. These black holes can have a positive, zero and
negative constant curvature horizon, respectively. For the black hole with a positive constant curvature
horizon, there exists a minimal horizon determined by the coeﬃcient of the trace anomaly, the black
hole with a smaller horizon is thermodynamically unstable, while it is stable for the case with a larger
horizon. The Hawking–Page transition happens in this case. For the black hole with a Ricci ﬂat horizon,
the black hole is always thermodynamically stable and there is no Hawking–Page transition. In the case of
the black hole with a negative constant curvature horizon, there exists a critical value for the coeﬃcient
of the trace anomaly, under this critical value, the black hole is always thermodynamical stable and the
Hawking–Page transition does not happen. When the coeﬃcient is beyond the critical value, the black
hole with a smaller horizon is thermodynamically unstable, but it becomes stable for the case with a
larger horizon, the Hawking–Page transition always happens in this case. The latter is a new feature for
the black holes with a negative constant curvature horizon.
© 2014 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.1. Introduction
The AdS/CFT correspondence [1–3] conjectures that string/M
theory in an anti-de Sitter (AdS) space (times some compact space)
is dual to a strongly coupled conformal ﬁeld theory (CFT) living on
the AdS boundary. In this sense, thermodynamics of black holes in
AdS space can be identiﬁed with the one of the dual strongly cou-
pled CFTs [4], while the latter is not able to be obtained through
conventional perturbative quantum ﬁeld theory. This is one of rea-
sons for many recent studies of black holes in AdS space. On the
other hand, it is also of great interest to investigate black holes in
AdS space in its own right. Compared to its counterpart in asymp-
totically ﬂat spacetime, the horizon of black holes in AdS space
has much rich topological structure: AdS black holes can have pos-
itive, zero and negative constant curvature horizon. These black
holes have been discussed extensively, for example, in Einstein–
(Maxwell) theory [5–14], Einstein–Maxwell–Dilaton theory [8,15],
Wely conformal gravity [16], Gauss–Bonnet gravity [17–20], and
more general Lovelook gravity [21–24], etc.
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SCOAP3.It turns out that thermodynamical properties of AdS black holes
crucially depend on horizon structure. For (positive constant cur-
vature) spherical horizon black holes in AdS space, there exists a
minimal black hole temperature, under which there is no black
hole solution. The black hole is thermodynamically unstable for
smaller black hole horizon, while it is thermodynamically stable
for larger horizon. Therefore there exists a so-called Hawking–
Page phase transition [25] between the thermal gas and stable
large black hole in AdS space. This phase transition can be iden-
tiﬁed with the conﬁned/deconﬁned transition of gauge ﬁeld in the
dual CFT side [4]. For the black holes with (zero curvature) Ricci
ﬂat horizon and (negative curvature) hyperbolic horizons, however,
they are always thermodynamically stable (see, for example, [14]).
This means that the black hole phase is always dominated in the
dual conformal ﬁeld theory side. In this case, the Hawking–Page
phase transition will not happen.
Conformal anomaly [26] plays an important role in quantum
ﬁeld theories in curved spacetime and has various applications in
black hole physics, cosmology, string theory, and statistical me-
chanics, etc. The effective action associated with the trace anomaly
is non-local, but in four dimensional spacetime case, it can be
written in a local form by introducing two auxiliary scalar ﬁelds
(see [27,28] and reference therein). The quantum trace anomalyunder the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by
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the trace anomaly, one has to solve the equations of motion for
these scalar ﬁelds in some curved or topological nontrivial back-
grounds. It turns out that at the horizon, the quantum ﬂuctuations
of the scalar degrees of freedom would be large [28,29]. These two
scalar ﬁelds are determined by boundary conditions, which brings
back the non-local effect of the trace anomaly. Furthermore, the
equations of motion from the effective action of the trace anomaly
are quite complicated, therefore in general it is impossible to ob-
tain exact analytical solutions of Einstein equations with the trace
anomaly. In [30], with an additional assumption the authors are
able to ﬁnd an exact analytical black hole solution to the Einstein
equations with the trace anomaly. There some interesting proper-
ties of the trance anomaly corrected black hole are observed. Some
further discussions can be found, for example, in [31–40].
In this note we are going to generalize the black hole solution
presented in [30] to the case with a negative cosmological con-
stant and to study the thermodynamical properties of the trace
anomaly corrected black holes in AdS space. This note is organized
as follows. To be self-contained, in Section 2 we will brieﬂy re-
view the procedure to solve the Einstein equations with the trace
anomaly and present the exact analytical black hole solutions. In
Section 3 we study the thermodynamical properties of these black
holes with positive, zero and negative constant curvature horizon,
respectively. There we will see that the trace anomaly changes
qualitatively thermodynamical properties of the black holes, com-
pared to the case without the trace anomaly. Section 4 is devoted
to the conclusions and further discussions.
2. Black hole solutions
In four dimensional spacetime, one loop quantum correction
leads to a trace anomaly of the stress–energy tensor of conformal
ﬁeld theory. The trance anomaly has the form [26,41]
gμν〈Tμν〉 = β I4 − αE4, (1)
where I4 = Cμνλσ Cμνλσ and E4 = R2 − 4Rμν Rμν + Rμνλσ Rμνλσ ,
β and α are two positive constants related to the content of the
conformal ﬁeld theory:
β = 1
120(4π)2
(n0 + 6n1/2 + 12n1),
α = 1
360(4π)2
(n0 + 11n1/2 + 62n1), (2)
where n0, n1/2 and n1 are the number of scalar, Dirac fermion and
vector ﬁelds, respectively, in the conformal ﬁeld theory. For exam-
ple, for the N = 4 SU(N) Supersymmetric Yang–Mills theory, one
has n0 = 6N2, n1/2 = 2N2 and n1 = N2 in the large N limit. The
ﬁrst term in (1) is called type B anomaly, while the second one is
called type A anomaly [41].
Having considered the trace anomaly, the Einstein equations
should be written as
Rμν − 1
2
Rgμν + Λgμν = 8πG〈Tμν〉, (3)
where G is the Newton gravitational constant, Λ is the cosmolog-
ical constant, and 〈Tμν〉 is the corresponding stress energy tensor
associated with the trace anomaly. In this paper we are interested
in the case with a negative cosmological constant, Λ = −3/l2.
With only the trace (1), in general it is impossible to determine
all components of the stress–energy tensor associated with the
trace anomaly, in the case without introducing two auxiliary scalar
ﬁelds [27,28]. In [30], the authors are able to obtain an exact
analytical solution to Eqs. (3) in the static spherically symmetricspacetime with two additional assumptions: (i) The stress–energy
tensor is covariant conserved, namely, ∇μ〈Tμν〉 = 0; (ii) The time–
time component of the stress–energy tensor and the radial–radial
component are equal in the spacetime, that is, 〈T tt(r)〉 = 〈T rr(r)〉.
The assumption (i) manifestly holds because the left hand side of
the equations are of the same property, while the assumption (ii)
is imposed in order to ﬁnd an exact analytical solution of the Ein-
stein equations. Here we would like to stress that introducing the
assumption (ii) is just for easily solving the equations, it is not a
physical requirement. We now generalize the solution presented in
[30] into the case with a cosmological constant.
Consider the static spherically symmetric spacetime of the form
ds2 = − f (r)dt2 + 1
g(r)
dr2 + r2dΩ22k, (4)
where f (r) and g(r) are two functions of the radial coordinate r,
and dΩ22k is the line element of a two-dimensional Einstein con-
stant curvature space with scalar curvature 2k. Without loss of
generality, one may take k to be 1, 0 and −1, respectively. In that
case, they correspond to a sphere, Ricci ﬂat space, and negative
curvature space, respectively. According to the symmetry of met-
ric (4), we deﬁne〈
T tt
〉= −ρ(r), 〈T rr 〉= p(r), 〈T θ θ 〉= 〈T φφ 〉= p⊥(r), (5)
and other components must vanish. Under the assumption (ii), one
can easily show that f (r) = g(r) (see, for example, [42]). Further-
more, combining the covariant conservation of the stress–energy
tensor with the trace anomaly (1), we have
−ρ + p + 2p⊥ = −2α
r2
(
(1− f )2)′′,
4 f (p − p⊥) + (ρ + p)r f ′ + 2r f p′ = 0, (6)
where we have set β = 0 and the prime stands for the derivative
with respect to the radial coordinate r. With the assumption (ii),
ρ = −p, we can have from (6) that
rp′ + 4p + 2α
r2
(
(1− f )2)′′ = 0. (7)
This equation can be easily solved with the solution
p = 2α
r4
(1− f )(1− f + 2r f ′)− q2
r4
, (8)
where q2 is an integration constant. Thus we are able to obtain the
other nonvanishing components of the stress–energy tensor asso-
ciated with the trance anomaly as
ρ = −p, p⊥ = −2p − α
r2
(
(1− f )2)′′. (9)
Substituting (8) and (9) into (3), we can obtain the solution to the
Einstein equations (3) as
f (r) = g(r) = k − r
2
4α˜
(
1±
√
1+ 8α˜
l2
− 16α˜GM
r3
+ 8α˜Q
2
r4
)
,
(10)
where M is an integration constant, α˜ = 8πGα and Q 2 = 8πGq2.
The solution has two branches with signs “±” in (10). When M =
Q = 0, the solution reduces to
f (r) = k − r
2
4α˜
(
1±
√
1+ 8α˜
l2
)
. (11)
In this case, the branch with sign “−” corresponds to an AdS
spacetime with the effective radius leff =
√
4α˜/(
√
1+ 8α˜/l2 − 1),
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tive radius leff =
√
4α˜/(1+√1+ 8α˜/l2 ). Similar case happens in
the Gauss–Bonnet gravity [18]. Therefore we suspect that the solu-
tion with sign “+” in (10) might be unstable. Thus in the following
we consider the case with sign “−”. In the limit α˜ → 0, the solu-
tion reduces to
f (r) = k + r
2
l2
− 2GM
r
+ Q
2
r2
. (12)
Clearly it is nothing but the Reissner–Nordström–AdS black hole
solution. This suggests that the integration constant M in (10) is
just the mass of the solution. An interesting point is that when
α = 0, one should get the Schwarzschild–AdS solution for the Ein-
stein equations (3); this seemingly indicates that we should take
the other integration constant Q = 0 in the solution (10). As
pointed out in [30], however, this is not true. The reason is as
follows. The term associated with the constant Q is a “dark ra-
diation” one with energy density and pressure as ρd = p⊥ = −p =
q2/r4. Such a term obeys the assumptions (i) and (ii), and is con-
sistent with the symmetry of the metric (4). Therefore one is not
able to exclude such a term in the solution in the present setup. To
more clearly see the meaning of the term, one can show that if a
Maxwell ﬁeld is present, the electric charge square Q 2e for a static
electric ﬁeld will appear in the same place as Q 2 in the solution
(10) [30]. Therefore the integration constant Q can be interpreted
as a U(1) conserved charge of the conformal ﬁeld theory which
leads to the trace anomaly. However, in what follows, we will not
consider the effect of the integration constant Q since it is undis-
tinguished from the electric charge Q of the electric ﬁeld. That is
to say, we will set Q = 0 in the following discussions.
3. Thermodynamics of the black holes
In this section we will study the effect of the trace anomaly on
the thermodynamics of the AdS black holes. Suppose the solution
(10) describes a black hole with horizon r+ and it is asymptotically
AdS. One then has f (r+) = 0 and f (r > r+) > 0. The black hole
mass M can be expressed in terms of the horizon radius as
M = r+
2G
(
k + r
2+
l2
− 2α˜k
2
r2+
)
. (13)
When α˜ = 0, it reduces to the one for the Schwarzschild–AdS black
hole. The Hawking temperature of the black hole can be easily cal-
culated with the result
T = r+
4π(r2+ − 4α˜k)
(
k + 3r
2+
l2
+ 2α˜k
2
r2+
)
. (14)
In Einstein’s general relativity, the Bekenstein–Hawking entropy of
a black hole satisﬁes the so-called area formula: it is given by one
quarter of the horizon area. In the present case, due to the pres-
ence of the trace anomaly, we do not expect that the entropy of
the black hole still obeys the area formula. Instead, the ﬁrst law of
black hole thermodynamics, dM = TdS+· · · , is always satisﬁed for
all black holes, here · · · stands for some work terms, if any. Con-
sidering this fact and integrating the ﬁrst law for our black hole
solution, we obtain
S =
∫
T−1
(
∂M
∂r+
)
dr+ = πr
2+
G
− 4πα˜k
G
ln r2+ + S0, (15)
where S0 is an integration constant. Here we cannot ﬁx the con-
stant S0 by physical consideration because of the existence of the
logarithmic term. The black hole entropy can also be expressed in
terms of the horizon area A = 4πr2+ asS = A
4G
− 4πα˜k
G
ln
A
A0
, (16)
where A0 is a constant with dimension of [length]2.
The local stability of black hole thermodynamics is determined
by heat capacity of the black hole. In our case, the heat capacity of
the black hole is given by
C = T
(
∂ S
∂T
)
= 8π
2T (r2+ − 4α˜k)3
Gr3+
(
−k − 10α˜k
2
r2+
+ 3r
2+
l2
− 36α˜k
l2
+ 8α˜
2k3
r4+
)−1
. (17)
And the global stability of black hole thermodynamics can be
checked by studying its free energy, deﬁned as
F = M − T S. (18)
Below we will discuss thermodynamical properties of the black
hole solutions with k = 1, 0 and −1, respectively.
3.1. The case of k = 1
In this case, in order to have a positive Hawking temperature,
we see from (14) that the black hole solution has a minimal hori-
zon radius rmin = 2
√
α˜. As a consequence, the black hole has the
minimal mass as
Mmin =
√
α˜
2G
(
1+ 8α˜
l2
)
. (19)
When l2 → ∞, the minimal mass becomes √α˜/2G . For the min-
imal black hole, its Hawking temperature diverges. The existence
of the minimal horizon radius implies that the black hole solu-
tion (10) has a mass gap: when M = 0, the solution is an AdS
space with effective radius leff =
√
4α˜/(
√
1+ 8α˜/l2 − 1); when
M ≥ Mmin, the solution describes an asymptotically AdS black hole;
and when 0 < M < Mmin, the solution describes a naked singular-
ity. Clearly the new feature of the existence of mass gap arises
totally due to the trace anomaly. In addition, let us notice that
besides the singularity at r = 0, the solution (10) has the other
singularity at rs , where the square root in (10) vanishes:
r3s =
8α˜r+
1+ 8α˜/l2
(
k + r
2+
l2
− 2α˜k
2
r2+
)
. (20)
One can see from (10) that the singularity is always covered by the
black hole horizon with radius r+ , when the latter exists.
The thermodynamic behavior of the conformal anomaly cor-
rected black hole is qualitatively the same as the one for the
Schwarzschild–AdS black hole, only the difference is that there
does not exist the minimal horizon in the latter case. To see this,
we plot the temperature of the black hole in Fig. 1. Note that
the case with α˜ = 0 corresponds to the Schwarzschild–AdS black
hole. We can see from the ﬁgure that the temperature goes to in-
ﬁnity as r+ → 2
√
α˜ for small black holes with r+  l, while for
large black holes with r+  l, the temperature diverges linearly
with respect to r+ . In addition, like the case of the Schwarzschild–
AdS black hole, there always exists a minimal temperature for the
conformal anomaly corrected black hole. Under this minimal tem-
perature, there does not exist any black hole solution.
The minimal temperature is determined by the divergence
point of the heat capacity (17), where the denominator in (17)
vanishes:
186 R.-G. Cai / Physics Letters B 733 (2014) 183–189Fig. 1. The Hawking temperature of the black hole with k = 1. The curves from up
to down correspond to the cases with α˜/l2 = 0.1,0.01 and 0, respectively. Here the
horizon radius is scaled by 1/l, while the temperature is scaled by l.
Fig. 2. The free energy of the black hole with k = 1 and α˜/l2 = 0.01. The curves from
up to down correspond to the cases with A0/l2 = 0.01,0.5 and 100, respectively.
Here the horizon radius is scaled by 1/l, while the free energy is scaled by G/l.
−1− 10α˜
r2m
+ 3r
2
m
l2
− 36α˜
l2
+ 8α˜
2
r4m
= 0. (21)
The above equation has a positive real root, which gives the black
hole horizon corresponding to the minimal temperature. When
α˜ = 0, the solution is rm = l/
√
3. Clearly we can see from the ﬁg-
ure that when rmin < r+ < rm , the black hole has a negative heat
capacity, indicating the local instability of the black hole, while the
black hole is local stable with a positive heat capacity as r+ > rm .
Now we turn to the global thermodynamical stability of the
black hole by studying its free energy F = M − T S . Our aim is
to see whether the presence the logarithmic term in the black
hole entropy modiﬁes qualitatively the thermodynamical behav-
ior of the Schwarzschild–AdS black hole. Unfortunately due to
the presence of the integration constant A0, we are not able to
uniquely specify the free energy. In Fig. 2 we plot the free en-
ergy in the case of α˜/l2 = 0.01 (corresponding minimal horizon
radius rmin = 0.2l), with three different choices of the constant
A0/l2 = 0.01,0.5 and 100, respectively. While the behavior of the
free energy is qualitatively similar to the case of α˜/l2 = 0.01 for
other values of α˜, it crucially depends on the constant A0: al-
though the free energy is always negative for larger black holes,
its behavior is qualitatively different in the region of smaller black
holes.
For a smaller A0 (for example, A0/l2 = 0.01 in Fig. 2), the free
energy behaves like the one of the Schwarzschild–AdS black hole:
for smaller black holes, the free energy is positive, which indicatesFig. 3. The Hawking temperature of the black holes with k = −1. The three
curves from up to down in the left side correspond to the cases with α˜/l2 =
0.1,1/24 and 0.02, respectively. Here the horizon radius is scaled by 1/l, while the
temperature is scaled by l.
the global thermodynamical instability of the black hole, while it
is negative for larger black holes, and the Hawking–Page phase
transition happens when the free energy changes its sign. For a
larger A0 (for example, A0/l2 = 100 in Fig. 2), the free energy
is always negative. In that case, the Hawking–Page phase tran-
sition will not appear. The case with a middle A0 (for example,
A0/l2 = 0.5 in Fig. 2) is very interesting: the free energy is nega-
tive for larger black holes and smaller black holes, but it is positive
between them. In that case, there seemingly exist two Hawking–
Page phase transitions because the free energy changes its sign
twice. At the moment we are not able to ﬁgure out which case
discussed above is more physical since one cannot specify the con-
stant A0. But we will have some to say on this issue in the last
section of the paper.
3.2. The case of k = 0
This case is much simple than the other two cases. In this case,
the Hawking temperature and entropy of the black hole are simply
given by
T = 3r+
4π l2
, S = A
4G
. (22)
Note that in this case the logarithmic term disappears in the black
hole entropy and here we have ﬁxed the integration constant
S0 = 0 by requiring that the black hole entropy vanishes as the
horizon r+ → 0. The temperature and entropy of the black hole
are exactly the same as those of the Schwarzschild–AdS black hole
with a Ricci ﬂat horizon. The horizon radius r+ has a relation with
the black hole mass M as r+ = (2GMl2)1/3. The heat capacity is
always positive while the free energy F = −r3+/(4Gl2) is always
negative. The Hawking–Page phase transition does not appear in
this case. This indicates that in this case the conformal anomaly
corrected black hole is not only local stable, but also global stable
thermodynamically, and the black hole phase is always dominated
in the dual conformal ﬁeld side.
3.3. The case of k = −1
This case is very interesting as we will see. In this case, the
Hawking temperature is given by
T = r+
4π(r2+ + 4α˜)
(
−1+ 3r
2+
l2
+ 2α˜
r2+
)
. (23)
The behavior of the temperature heavily depends on the parame-
ter α˜. Let us ﬁrst notice that for T = 0, Eq. (23) has two solutions
R.-G. Cai / Physics Letters B 733 (2014) 183–189 187Fig. 4. The free energy of the black holes with k = −1 and α˜/l2 = 0.1 (left) and α˜/l2 = 1/24 (right). In both plots the three curves from up to down in the left side correspond
to the cases with A0/l2 = 100,0.5 and 0.01, respectively. Here the horizon radius is scaled by 1/l, while the free energy is scaled by l/G .r21,2 =
l2
6
(
1±
√
1− 24α˜
l2
)
. (24)
When α˜/l2 < 1/24, we have two positive real roots (we denote
the larger one by r2 and smaller one by r1); when α˜/l2 = 1/24,
we have two degenerated real roots; while as α˜/l2 > 1/24, we
have no real roots. Considering the fact that black hole tempera-
ture is always required to be positive, the above analysis tells us
that when α˜/l2 < 1/24, the black hole has a minimal horizon given
by r2, for which the black hole has a vanishing temperature. Clearly
when α˜/l2 = 1/24, the black hole with horizon r2 = l/
√
6 has also
a vanishing temperature. On the other hand, as α˜/l2 > 1/24, there
does not exist any minimal horizon, the Hawking temperature is
always positive. We plot in Fig. 3 the behavior of the temperature
with respect to the horizon radius r+ for three typical parameters
α˜/l2 = 0.1, 1/24 and 0.02.
(1) When α˜/l2 < 1/24, we can see from the ﬁgure that the
temperature starts from zero at the minimal horizon r2, which
corresponds to an extremal black hole, and increases monotoni-
cally as r+ grows. This means that the black hole is always local
stable thermodynamically. (2) When α˜/l2 = 1/24, the temperature
decreases monotonically from inﬁnity at r+ = 0, till to zero at
r2 = l/
√
6, and then increases monotonically when r+ increases.
This behavior implies that when r+ < r2, the black hole is lo-
cal unstable with a negative heat capacity, while it is local sta-
ble as r+ > r2. At r+ = r2, the heat capacity diverges. (3) When
α˜/l2 > 1/24, there exists a minimal temperature at r+ = rm satis-
fying
1− 10α˜
r2m
+ 3r
2
m
l2
+ 36α˜
l2
− 8α˜
2
r4m
= 0. (25)
Under this minimal temperature there does not exist any black
hole solution. From Fig. 3 one can easily see that when r+ < rm ,
the black hole has a negative heat capacity and is local unstable,
while it is local stable with a positive heat capacity as r+ > rm .
We ﬁnd that the temperature behavior is qualitatively the same as
the one for the Schwarzschild–AdS black hole in the case with a
sphere horizon (k = 1).
As a result, the temperature behavior of the conformal anomaly
corrected black holes with k = −1 is quite different from its coun-
terpart of the Schwarzschild–AdS black hole with k = −1. The lat-
ter behaves like the case with α˜/l2 < 1/24: its temperature starts
from zero at the minimal horizon r2 = l/
√
3 and increases mono-
tonically, the black hole is always local stable thermodynamically.
To see the global stability of the black hole thermodynamics,
we plot in Fig. 4 the free energy of the black hole with α˜/l2 = 0.1Fig. 5. The free energy of the black holes with k = −1 and α˜/l2 = 0.02. In this case,
the minimal horizon r2/l ≈ 0.54. The three curves from up to down correspond to
the cases with A0/l2 = 100,0.5 and 0.01, respectively. Here the horizon radius is
scaled by 1/l, while the free energy is scaled by l/G .
(left plot) and α˜/l2 = 1/24 (right plot). We see that in both cases,
the free energy is always negative for larger black holes, while it is
always positive for smaller black holes. At some horizon radius the
free energy changes its sign, where the Hawking–Page phase tran-
sition happens. Note that here the qualitative behavior is same for
different choices of the integration constant A0. In Fig. 5 we plot
the free energy for the case with α˜/l2 = 0.02. Note that in this
case there exists a minimal horizon radius r2 ≈ 0.54. We see that
the free energy is always negative and the Hawking–Page transi-
tion is absent, which means that the black hole with k = −1 and
α˜/l2 = 0.02 is not only local stable, but also global stable ther-
modynamically, and the black hole phase is always dominated in
the dual conformal ﬁeld theory side. It is worth mentioning here
that the appearance of the Hawking–Page transition for the trace
anomaly corrected AdS black holes with k = −1 is a new feature,
to the best of our knowledge, such a feature for AdS black hole
with k = −1 has not been reported previously in the literature.
Now let us mention another interesting property for the black
holes with k = −1. We can see from (13) that even if M = 0, the
solution (10) still describes a black hole with horizon
r2+ =
l2
2
(
1+
√
1+ 8α˜
l2
)
. (26)
This is just the so-called massless black hole in AdS space [14].
In addition, when α˜/l2 < 1/24, for the black hole with minimal
horizon r2, its corresponding mass is
188 R.-G. Cai / Physics Letters B 733 (2014) 183–189Fig. 6. The free energy of the black hole with k = 1. Left: The upper curve corresponds to the case of α˜/l2 = 0.01 with A0/l2 ≈ 0.1849, while the below one to the
(Schwarzschild–AdS black hole) case of α˜/l2 = 0. Right: The upper curve corresponds to the case of α˜/l2 = 0.1 with A0/l2 ≈ 1.849, while the below one to the case of
α˜/l2 = 0.04 with A0/l2 ≈ 0.7397. Here the horizon radius is scaled by 1/l, while the free energy is scaled by G/l.Mmin = − 2l
3
√
6G
(
1− 1
2
√
1− 24α˜
l2
)√
1+
√
1− 24α˜
l2
. (27)
It is negative. The solution with Mmin ≤ M < 0 is called negative
mass black hole [14], while it is a naked singularity solution if
M < Mmin. If α˜ = 0, one has Mmin = −l/(3
√
3G).
4. Conclusions and discussions
In this paper we have presented exact analytical black hole
solutions with trace anomaly in AdS space. The black hole hori-
zon can be a positive, zero and negative constant curvature space,
respectively. We have studied thermodynamics of these black
hole solutions and found that the trace anomaly can qualitatively
change the thermodynamical properties of these AdS black holes.
These changes crucially depend on the horizon structure of these
black holes.
For the trace anomaly corrected AdS black hole with a positive
curvature horizon, there exists a minimal horizon radius 2
√
α˜, de-
termined by the degrees of freedom of the conformal ﬁeld theory,
which leads to the trace anomaly. The black hole with the minimal
horizon has a divergent Hawking temperature. These black hole
have qualitatively similar thermodynamical properties as those of
the Schwarzschild–AdS black holes: There exists a minimal tem-
perature, under which there does not exist any black hole solu-
tion; the black holes with small horizons are local unstable, while
they become local stable for larger horizons. But, depending on
an unspeciﬁed integration constant A0 in the black hole entropy
[see (16)], the free energy of the black holes can change its sign
zero, one and two times when the black hole horizon varies, re-
spectively. This seemingly implies that one has zero, one and two
Hawking–Page phase transitions in this system.
For the trace anomaly corrected AdS black hole with a Ricci
ﬂat horizon, its thermodynamical behavior is completely the same
as the Schwarzschild–AdS black hole with a Ricci ﬂat horizon,
although the two solutions are different. The trace anomaly cor-
rected AdS black hole is always local and global stable thermody-
namically. The Hawking–Page transition is absent in this case.
For the trace anomaly corrected AdS black hole with a nega-
tive constant curvature horizon, its thermodynamical behavior de-
pends on the parameter α˜/l2: When α˜/l2 < 1/24, there exists a
minimal horizon with vanishing Hawking temperature, the black
hole with horizon larger than the minimal radius is always lo-
cal and global stable thermodynamically, in this case, there is no
Hawking–Page transition. When α˜/l2 ≥ 1/24, however, there is no
the minimal horizon limit, the black holes with smaller horizonsare local unstable, while they are local stable for larger horizons.
The Hawking–Page phase transition always happen independent of
the integration constant A0. This is a new feature for the trace
anomaly corrected AdS black hole with a negative constant curva-
ture horizon. Such a feature has not been reported in the previous
studies for the AdS black holes with negative constant curvature
horizon in the literature, to the best of our knowledge.
It should be mentioned here that we are able to present the
analytical black hole solution in AdS space, only for the case with
the type A anomaly [41], namely the case with β = 0 in (1). When
β = 0, one might have to solve the Einstein equations numerically
with the assumption (ii). In addition, it is called for to make sure
whether the solution with the “+” branch in (10) is dynamically
unstable, like the case in Gauss–Bonnet gravity [18].
Here let us make some comments on the unspeciﬁed constant
A0 in the black hole entropy (16). As we have already seen, the
constant plays an important role in determining the global stabil-
ity of the black hole thermodynamics. In principle, such a constant
should be determined by accounting the microscopic degrees of
freedom of the black holes in quantum gravity, for example, in
string theory [34]. In the present content of the note we are not
able to specify the integration constant. But we still can make
some discussions on this constant through some physical consid-
erations. When k = 0, one can take the constant S0 = 0 as we did
above, by demanding the black hole entropy vanishes as its hori-
zon goes to zero, because in this case, the logarithmic term in the
black hole entropy (15) is absent. When k = 0, as a measure of
microscopic degrees of freedom, the black hole entropy has to be
positive, which leads us to have
A0 ≥ A exp
[−A/(16πα˜k)]. (28)
As k = 1, we note that there exists a minimal black hole horizon
2
√
α˜ with a divergent temperature. For such black holes, as ar-
gued by Holzhey and Wilczek in [43], it is better to regard them
as element particles. Take this viewpoint, one may think the black
hole with the minimal horizon should have zero entropy. In this
case, we have A0 = 16πα˜/e. Take this constant, we plot in Fig. 6
the free energy for the black holes with k = 1 in the cases of
α˜/l2 = 0.01,0.04 and 0.1. In the cases of other α˜/l2, the behav-
ior of the free energy is similar. We observe that in all cases, the
free energy is positive for smaller black holes, while it is negative
for larger black holes, and the Hawking–Page phase transition al-
ways happens.
As k = −1, we have no physical reason to choose a special black
hole solution as the reference so that we can determine the con-
stant A0. Fortunately, in this case, as we have seen in Fig. 4, the
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the free energy of the black holes with k = −1: the Hawking–Page
transition always appears. It should be of great interest to study
the implication of the Hawking–Page transition in the dual confor-
mal ﬁeld theory side.
Finally we would like to stress the limitation and validness of
the discussions in this note. Black hole thermodynamics is ex-
pected to be valid when a physical scale is much larger the Planck
length lp (∼
√
G ). As we have seen, our parameter for the trace
anomaly α˜ ∼ αG . Therefore to see the effect of the trace anomaly
on the black hole thermodynamics, it has to be assumed that
α  1. On the other hand, the thermodynamical feature of the
Schwarzschild–AdS black hole is characterized by the ratio of hori-
zon radius to the AdS radius [25,4]. Hence, in this paper we have
introduced α˜/l2 and r+/l to characterize the back reaction strength
of the trace anomaly and the size of the black hole, respectively. As
a result, we believe that with the conditions α˜  l2p , r+  lP , and
l  lp , the thermodynamics of the trace anomaly corrected black
holes makes sense in the semi-classical approximation. In addition,
we point out here that the assumption (ii) is a strong restriction in
order to ﬁnd the exact analytical solution of Eqs. (3). Considering
the full back reaction of the trace anomaly without the restric-
tion, the horizon geometry might be completely changed, and an
interesting proposal is made in [28]: At event horizons quantum
trace anomaly can have macroscopically large back reaction effects
on the geometry, potentially removing the classical event horizon
of black hole, replacing black hole horizon with a quantum phase
boundary layer. Such a picture has important consequences on the
black hole information loss paradox and currently observed dark
energy in the universe.
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